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It is known that whenever u(u - 1) - 0 (mod 2m) and u ~=2tn, the complete graph K, can be 
decomposed into edge disjoint, m-stars [l, 21. In this paper we prove that K, can be 
decomposed into any given sequence of stars {S,,,,, S,,,2, . , ?Y,,,~} if 1 mi =(z) and mi C$ 
Further we generalize this result to the decomposition of not necessarily complete graphs. For 
example: a graph G = (V. E) can be decomposed into {S,,,,, S,,,2, . . , S,,,,} if 1 mi = IEl and the 
degree of every vertex of G is at least 4 (V( + m - 1 where m = max{q}. 
S,,,, an m-star, is a complete bipartite graph K,,,,,. The vertex of degree m in S, 
is called the center of the star, while the other m vertices are called terminal 
vertices. The problem of decomposing a complete graph into m-stars was treated 
in several papers. The necessary and sufficient condition for the decomposition of 
a complete multigraph AK, into edge disjoint m-stars is given in [2]. The case 
A = 1 was solved by Yamamoto [ 13. In this paper we treat the generalised problem 
of decomposing a given graph (not necessarily complete) into a given sequence of 
stars (not necessarily equal). 
We start with the decomposition of a complete graph into a given sequence of 
stars. 
In this case we use the following theorem of Landau (1959). 
Let {d,, d2,. . . , d,) be a non decreasing sequence of non negative integers. A 
necessary and sufficient condition for the existence of an orientation of K, for which 
the out degrees of the vertices are d,, dZ, . . . , d, is 
and 
ig di = (;). (2) 
A proof for this theorem can be found in [3]. In this paper we state and prove a 
theorem (Theorem 2) which contains Landau’s theorem. 
Now let us state the first result: 
Theorem 1. Let M=(rn,. rn,, . . . , mb} be a given sequence of positive integers 
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which satisfies: 
i 1q = (;) 
i=l 
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(3) 
and 
2mi<v for lsisb. (4) 
Then the complete graph K, can be decomposed into edge disjoint stars 
St,,, 1 sm2> . . . 7 %I,. 
Proof. Let B,, BZ, . . . B, be disjoint subsequences of M such that IJ Bi = M. 
Denote 4 = CI,,,E~, mi (0 if Bi is empty). We choose the Bi’S such that the 
sequence dl, dZ, . . . , d, is non decreasing and di - di <&I for every i, i. This is 
possible because if di - di > $J the absolute value of the difference is decreased by 
passing any mi (m, s&v) from Bi to B;. 
We show now that the sequence (d,, . . . , d,} satisfies conditions (l), (2) of 
Landau’s theorem. Trivially we have 1 di = (i). Regarding condition (1): Suppose 
on the contrary that 
$ di < (i) for some k. 
Since d, = min{di} and d, = max{di} 
4 < k and d,>[(i)-(i)]l(v-k) 
This leads to 
--=- 
which is a contradiction since di -di S&I. 
According to Landau’s theorem we now orient K, so that the out degrees are 
d,, 4,. . . , d, and for every 1 c i cv construct the stars S,,, for every tni E Bi 
using the edges going from the vertex of out degree di outwards. These stars form 
the required decomposition. 
If all mi’s are equal we obtain the known necessary and sufficient condition for 
the decomposition of K, into equal stars [l, 21. 
If the Q’S are not all equal the condition (3), (4) is not necessary. For example 
K, can be decomposed into (S,, Sz, . . . , SUM,) (transitive orientation). 
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Now we generalize this method to the decomposition of genera1 graphs (not 
necessarily complete) into stars. At first let us state and prove the necessary and 
sufficient condition for the existence of an orientation of a given graph with a 
given out-degree for every vertex. 
Theorem 2. Let G = (V, E) be a given graph and 6 a non negative integer function 
on V. Denote (VI = v and for every A E V 
6(A)= c 6(x). 
XEA 
A necessary and sufficient condition for the existence of an orientation of G for 
which rhe out degree of every vertex x E V is 6(x) is: 
and 
6(V)=lEl (5) 
6(A) 3 lE(A)( for every A c V. (6) 
Proof. For every vertex x E V form 6(x) elements x,, x2,. . . , x8(,, and denote 
x = u ix,, x2,. . . , x,,,,) 
XSV 
Obviously IX!= CXEV 6(x) = IEJ. We construct a bipartite graph H = (E, X, B) 
where 
B = {(e, xi) 1 e E E, x is an end vertex of e in G, 1 s i S 6(x)}. 
The construction of the required orientation depends on a choice of 6(X) edges 
for which x is an end vertex for every vertex x E V. Such a choice is equivalent to 
a perfect matching in the bipartite graph H. According to Hall’s matching 
theorem a perfect matching in H exists if and only if every subset L of E is linked 
to at least IL1 elements of X. That is to say, 6(A)slL( where A is the set of all 
end vertices in G of the elements of L. Obviously LEE(A) and since 6(A)a 
IE(A)I we obtain the required result. 
Note that if G = K, (6) becomes 
Since the right hand side depends only on the number of elements in A it is 
sufficient to consider only those A’s for which 6(A) is minimal and this leads to 
Landau’s theorem. 
Let G and S be as defined in Theorem 2. By d(x) we denote the degree of x in 
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G; we also define S*(x) = d(x)-26(x) and for every A z V 
Using 
Denote 
d(A, A’) = the number of edges with exactly one end vertex in A. 
these definitions we rewrite the conditions of Theorem 2 as follows: 
6*(v)=o (equivalent to (5)), 
d(A, A’) 5 6*(A) (equivalent to (6)). (8) 
M(6) = y-lgc s*(x) -I$$ P(x), (9) 
Lemma. A sufficient (not necessary) condition for the existence of an orientation of 
6*(A)= c S*(x), 
G for which the out degree of every vertex x E V is S(x) is: 
P(V) = 0, 
M@)<vy(G). 
(11) 
(12) 
Proof. Let A c V, IAl = k. We define s by 
S*(A) = ks, 
and obtain 
s smax S”(x). 
By (9) s -M(6) C min S*(x) so that 
@(V\A)s(v-k)(s-M(6)). 
By (11) - ks 2 (v - k)(s - M(S)) which is 
M(6) 
usS(v-k)M(S) or S*(A)=ks~k(v-k)-. 
By (12) 6*(A)== k(v- k)y(G) and by (10) 
d(A, A’)> k(v - k)?(G). 
We obtain now d(A, A’) Z= S*(A) which is (8). We also have 6*(V) = 0 which is 
(7) by (11). So by Theorem 2 we obtain the required result. 
Theorem 3. Let G = (V, E) ) VI = v and M = {m,, m,, . . . , mk} be a sequence of 
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positive integers which satisfies 
i mi =IEI, VI =ma~{mi}~&~y(G), 
i=l 
then G can be decomposed into stars S ,,,,, S,,,, . . . , S,,. 
Proof. We separate M into v subsequences B(x) for every x E V. Denote 
6(x) = 1 mi (0 if B(x) is empty) 
rn,EB(X) 
and 
S*(x) = d(x)-26(x) (d(x), the degree of x in G). 
We choose the B(x)‘s so that 
M(6)=max6*(x)-min6*(x)~2m~vy(G). 
This is possible since if 6*(x)- S”(z)>2m we decrease the absolute value of the 
difference by passing any element mi (mi 6nz) from B(z) to B(x). G and 6 as 
defined above satisfy (11) and (12). 
Thus by the lemma the theorem is proved. 
Theorem 1 is a direct consequence of Theorem 3. Another consequence is the 
following: 
Theorem 4. Let G = (V, E) be a graph with IJ uertices such that d(x) 3 &I + m - 1 for 
every x E V. Then G can be decomposed into S,,, Lz, . . . , S,,,, if Lk=, n$ = (El and 
mi s m for every 1 s i s k. 
Proof. Using Theorem 3 we only have to show that 
y(G) 3 2,71/v. 
Let A c V (A ( = t. Without loss of generality we suppose t C$J (the function for 
which r(G) is the minimum is symmetric for A and V\A). Since d(x)s+u + m - 
1 and at most t - 1 edges for which x is an end vertex have the other end vertex in 
A we have 
d(A, A’) 3 t($v + m - t), 
thus 
d(A,A’)3tv+m-t l+m-ft 
t(u -t) v--t =z u--t 
Since u 22rn the function on the right decreases with r increasing and has 
minimum in t =$I so that 
r(G) 3 
$v+m-$v 2m - 
v-&l -7 
which was to be proved. 
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